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We define the twisted q-Bernoulli polynomials and the twisted generalized q-Bernoulli polynomi-
als attached to χ of higher order and investigate some symmetric properties of them. Furthermore,
using these symmetric properties of them, we can obtain some relationships between twisted q-
Bernoulli numbers and polynomials and between twisted generalized q-Bernoulli numbers and
polynomials.
1. Introduction
Let p be a fixed prime number. Throughout this paperZp,Qp, andCp will, respectively, denote
the ring of p-adic rational integers, the field of p-adic rational numbers, and the completion
of algebraic closure of Qp. Let vp be the normalized exponential valuation of Cp with |p|p 
p−vpp  p−1. When one talks of q-extension, q is variously considered as an indeterminate,
a complex number q ∈ C, or a p-adic number q ∈ Cp. If q ∈ C, one normally assumes
|q| < 1. If q ∈ Cp, then we assume |q − 1|p < p−1/p−1, so that qx  expx log q for |x|p ≤ 1
cf. 1–32.
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ForN,d ∈ N, we set





, X1  Zp 1.1
see 1–13. The Bernoulli numbers Bn and polynomials Bnx are defined by the generating
function as
t
















cf. 17, 18, 21, 24, 26. Let UDX be the set of uniformly diﬀerentiable functions on X. For


































cf. 1–32. Kim 18 studied the symmetric properties of the q-Bernoulli numbers and
polynomials as follows:
t  log q










In this paper, we define the twisted q-Bernoulli polynomials and the twisted
generalized q-Bernoulli polynomials attached to χ of higher order and investigate some
symmetric properties of them. Furthermore, using these symmetric properties of them, we
can obtain some relationships between the twisted q-Bernoulli numbers and polynomials
and between the twisted generalized q-Bernoulli numbers and polynomials attached to χ of
higher order.
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2. The Twisted q-Bernoulli Polynomials
Let Cp∞ 
⋃
n≥1 Cpn  limn→∞Cpn be the locally constant space, where Cpn  {ξ | ξp
n
 1} is the
cyclic group of order pn. For w ∈ Cp∞ , we denote the locally constant function by
φw : Zp −→ Cp, x 	−→ wx 2.1




log q  t
wqet − 1 . 2.2
Now we define the q-extension of twisted Bernoulli numbers and polynomials as
follows:
log q  t






























wyqyyndy  Bqn,w. 2.5
By 1.5, we can see that
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4 Advances in Diﬀerence Equations
In 1.4, it is easy to show that
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k  1kwq  2kw2q2  · · ·  nkwnqn. 2.8
From 2.6, 2.7, and 2.8, we derive
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k−1,wn − 1  log qS
q
k,wn − 1, 2.10









t  log q
)wu1u2qu1u2eu1t − 1
wu2qu2eu2t − 1 . 2.11



























Let Twu1, u2;x, t be as follows:









Twu1, u2;x, t 
(






wu1qu1eu1t − 1)(wu2qu2eu2t − 1) . 2.14
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From 2.13, we derive


















By 2.4, 2.12, and 2.15, we can see that








































By the symmetry of p-adic invariant integral on Zp, we also see that






































By comparing the coeﬃcients of tn/n! on both sides of 2.16 and 2.17, we obtain the
following theorem.






















n−i,wu1 u2 − 1ui−12 un−i1 , 2.18
where  ni  is the binomial coeﬃcient.
From Theorem 2.1, if we take u2  1, then we have the following corollary.














n−i,wu1 − 1ui−11 , 2.19
where  ni  is the binomial coeﬃcient.
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By 2.17, 2.18, and 2.19, we can see that



























































From the symmetry of Twu1, u2;x, t, we can also derive



















By comparing the coeﬃcients of tn/n! on both sides of 2.20 and 2.21, we obtain the
following theorem.



























We note that by setting u2  1 in Theorem 2.3, we get the following multiplication
theorem for the twisted q-Bernoulli polynomials.















Remark 2.5. 18, Kim suggested open questions related to finding symmetric properties for
Carlitz q-Bernoulli numbers. In this paper, we give the symmetric property for q-Bernoulli
numbers in the viewpoint to give the answer of Kim’s open questions.
3. The Twisted Generalized Bernoulli Polynomials
Attached to χ of Higher Order
In this section, we consider the generalized Bernoulli numbers and polynomials and then
define the twisted generalized Bernoulli polynomials attached to χ of higher order by using
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multivariate p-adic invariant integrals on Zp. Let χ be Dirichlet’s character with conductor

























cf. 2, 18, 23, 27.
Let Cp∞ 
⋃
n≥1 Cpn  limn→∞Cpn be the locally constant space, where Cpn  {w | wp
n

1} is the cyclic group of order pn. For w ∈ Cp∞ , we denote the locally constant function by
φw : Zp −→ Cp, x −→ wx 3.3
cf. 2, 3, 21, 23, 24. If we take fx  χxetxφwxqx, for q ∈ Cp with |q − 1|p < 1, then it is









wdqdedt − 1 .
3.4
Now we define the twisted generalized Bernoulli numbers Bqn,χ,w and polynomials B
q
n,χ,wx
attached to χ as follows:
(
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Thus we have
1

























































By 3.9 and 3.10, we see that
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χ, nd − 1), 3.12













χ, nd − 1), 3.13
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The twisted generalized Bernoulli numbers Bk,qn,χ,w and polynomials B
k,q
n,χ,wx attached
to χ of order k are defined as
((




































































Xm fx1 · · ·xmdx1 · · ·dxm 
∫
X · · ·
∫
X fx1, . . . , xmdx1 · · ·dxm. In 3.17, we note that







































i1 xiu2dx1 · · ·dxm−1
× eu1u2ytwu1u2yqu1u2y.
3.18
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By comparing the coeﬃcients on both sides of 3.20 and 3.21, we see the following theorem.
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By comparing the coeﬃcients on both sides of 3.24 and 3.26, we obtain the following
theorem.














































































Remark 3.5. In our results for q  1, we can also derive similar results, which were treated
in 27. In this paper, we used the p-adic integrals to derive the symmetric properties of
the q-Bernoulli polynomials. By using the symmetric properties of p-adic integral on X, we
can easily derive many interesting symmetric properties related to Bernoulli numbers and
polynomials.
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